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ON THE DEGENERATE FROBENIUS-EULER POLYNOMIALS 


TAEKYUN KIM, HYUCK-IN KWON, AND JONG-JIN SEO 


Abstract. In this paper, we consider the degenerate Frobenius-Euler poly¬ 
nomials and investigate some identities of those polynomials. 


1. Introduction 

For u G C with u ^ 1, the Frobenius-Euler polynomials are defined by the 
generating function to be 


1 _ ?/ fn 

— - e xt = ’Y^H n (x\u)—, (see [1-10]). 

P . — U L ' 77.! 


n —0 


n\ 


(i.i) 


When x = 0, H n (x\u) = H n (0\u) are called the Frobenius-Euler numbers. 
From m, we have 


H n (x\u) = ^ ^j]Hi(u)x n \ (n> 0), (see [6-8]). (1.2) 


Note that 


— H n {x\u) = nH n _i(x\u), (n G N). 
ax 


In 1, L. Carlitz define the degenerate Bernoulli polynomials which are given by 
the generating function to be 


t 00 fn 

- -—---(1 + At)* = ^2P n {x\\) — . 

(1 + Ai)*-1 n\ 


(1.3) 


When x = 0, /3„(A) = /3„(0|A) are called the degenerate Bernoulli numbers. From 
m, we have 


lim 


A-*-o (i +At)* -1 


(1 + At)* = 


e* — 1 


= J2 B n(x)- 


(1.4) 


n —0 


where B n (x) are called Bernoulli polyomials 
By Cd and m, we get 


lim f3 n (x\X) = B n (x ), (n > 0). 

A->0 


The Stirling number of the first kind is defined as 

n 

(x) n = ^5i(n, l)x l , (n > 0), 


(1.5) 


Z=0 


where ( x) n = x{x — 1) • • • (x — n + 1), (a;)o = 1. 
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By (11.31) . we easily get 

n 

0n(x |A) = ^2 ( "i)Pn-i{x\X){ x \\)u (n > 0 ), 


1=0 


( 1 . 6 ) 


where (x|A) n = x(x — A) • ■ • (x — (n — 1)A). 

The Stirling numbers of the second kind is defined by 

n 

X n = y^ j S 2 {n,l)(x)i, (n > 0). (1.7) 

1=0 

In this paper, we consider the degenerate Frobenius-Euler polynomials and in¬ 
vestigate some properties and identities of those polynomials. 

2. Degenerate Frobenius-Euler polynomials 

For u G with it ^ 1, we consider degenerate Frobenius-Euler polynomials which 
are given by the generating function to be 


1 — 7 / 2D2, t n 

- -—--(1 + A t)* =^2 hn,\(x\u) — - 

(1 + Af)* — u „ n\ 


( 2 . 1 ) 


n =0 


When x = 0, h nt \(u) = h n ,\{0\u) are called degenerate Frobenius-Euler numbers. 
From E3D, we have 


1 —(i+At)* = 


+n 


(1 + Ai)* — u 


\i =o 

oo / n 


i\ 


Vm-0 


n—0 \ 0 


= E E ,) h iA U )(x\X)n-l 


ml 

t n 


( 2 . 2 ) 


n\ 


Thus by (12.11) and (12.21) . we get 

h n ,x{x\u) = ^2 ( , )hl t x(u)(x\X) n -l. 
i=o ' ' 

From (EH), we can derive the following recurrence relation: 

l ,°°^ t n f-71 

1 -U =(1 + A t)i V h n x{u)— - uJ2 h n .x(u )—7 

z ' n\ z ' n! 

n =0 n—0 


(2.3) 


oo / n 


n—0 \l —0 


= E I E (?Un-t,AM(i|A) ; J ^-uEM“)^j 


(2.4) 


n —0 


= E ( h n,x0-\ u ) ~ uhn,x(u)) 


t r ' 


n—0 


By comparing of the coefficients on the both sides of (12.41) . we get 
h n ,x(Mu) ~ uh ni x{u) = 

Note that 


1 — it, if n = 0 
0 , if n > 0 . 


(2.5) 


lim 


1 — u 


(1 A— 


-(1 +At)* = 


1 — u 


e L — u 


= J2 R n(x\u)^. 


71 — 0 


( 2 . 6 ) 
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From m and (EH), we have 


We observe that 


H n (x\u) = lirn h ni x(x\u), (n > 0). 

A->0 


1 — U , .*+1 ll(l — u) 

(1 + A t)~*~ -i-j—^—(1 + At)* 


(1 + At) a — u 


(1 + At) * — u 

°° 4n 

=(1 - w)(l + At)* = (1 - u) 5Z( x |A)™-[- 

Z —' n\ 

n =0 

Therefore, by (12.11) and (12.81) . we get 

hn,\(x + l|u) - uh n ,x(x\u) = (a;|A) n (l - it), (n > 0). 
Therefore, we obtain the following theorem. 

Theorem 2.1. For n > 0, we have 

1 'n' 1 
1=0 


and 


h n ,x{x\u) = ( / jhi,x(u)(x\X) n -i 

;=o * ' 

h„ t x(x + l\u) u 

-h n ^(x\u) = (x|A)„. 


1 — u 1 — u 

In particular, 

h n , a(1|m) - uh„ t x(u) = (1 - u)S 0 ,n, 
where S U: k is the Kronecker’s symbol. 

By El]), we get 


fit 

J2 h n,-X(u)— = 

Z-/ 77. 


1 — u 


1 — u 


n —0 


n\ (1 — At) a — u 1 — it(l — At) a 
1 — u 


(1-At)* 


(1 — At) A — 


I-t(1 - At)* = £ ^,a( 1|«- 1 )(-1) t: 

X 'I / - 


n =0 


In general, 


, , X l-« 


(1 - At)* = 


1 — it 


(2.7) 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 


(1 — At)* — it -1 


(1 — At)' 


fit 

= h n,x(x + 1 |w _1 )(-l)” — • 
i n\ 


n =0 


( 2 . 11 ) 


Therefore, by (12.101) and (12.111) . we obtain the following theorem. 
Theorem 2.2. For n > 0, we have 

(-l) n h n -x{-x\u) = h n< x(x + l|w -1 ). 

In particular, 

(-1 ) n hn,-x(u) = (-1)"Va(1|« _1 )- 
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We observe that 
1 — u 


(1 + At) * — u 


(1 +At)* = 


u d (l -u- 1 ) 
(1 + A t)* — u d 


£ u *(i+ 


1=0 




1 -u d 4-i {1 + \t)i-u d ' 


( 1-0 

1 — u d 


1=0 
d— 1 oo 


=£■ 

n=0 


EE 14 ' £( 

Z=0 n=0 

— 1 \ eZ—1 


l + X 


1 — u 
1—u 


d n J2^ d ~ a K A 


a=0 


n! 


a + x 


I t n 
J n! 
( 2 . 12 ) 


Therefore, by (E3D and (12.121) . we obtain the following theorem. 
Theorem 2.3. For n > 0, d G N, we have 


h n ,\{x\u) = d n 


—1 + u 
1 -u d 


-1 


d—1 


Y, ud ~ ah nA 


a —0 


a + x 


For r € N, let us consider the degenerate Frobenius-Euler polynomials of order 
r which are given by the generating function to be 


1—u 


(1 + At)* — u 


__ i7i 

(1 + At)* =^2 h n\{ x \u)-f. 


(2.13) 


n —0 


When x = 0, h^\(u) = h^\(0[u) are called degenerate Frobenius-Euler numbers of 


°n, A 


order r. 

From (|2.13D , we can easily derive the following equation. 


h n\( x ) = £ ( n ^°)- ( 2 - 14 ) 


By (12.131) . we get 

oo / oo ; \ / oo „ 

£ + yl A )^i = ( £ ) ( £ (*I A )-^ 


n—0 


\Z=0 
oo / n 


0 


m! I 
n\\ t n 

l n\ 


(2.15) 


= £ (£ 

n=0 \I=0 

Therefore, by (12.151) . we obtain the following theorem. 

Theorem 2.4. For n > 0, we have 

h n\( x + ?/)l A ) = £ 

z=o ' ' 

From Theorem 12.41 we note that h^\(x\u) is a Sheffer sequence. 
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By replacing t by j{e xt — 1) in (12.131) . we get 


71—0 

oo 


= J2 h n,x( X \ U ) X U E ' S 2(TO,7l)A T 


71—0 

OO / 771 


J.771 
I L 

m! 

\ t” 


(2.16) 


7.!' 


= E ( ns 2(m,n) 

771=0 \71=0 / 

As is well known, the higher-order Frobenius-Euler polynomials are defined by 
the generating function to be 

OO 


1 — U 

v e* — u 

Thus, by (12.161) and (12.171) . we get 


fn 

= J2 H nH x \ u ) — - 

z ' n\ 


71=0 


H^\x\u) = Y hn,x(x\u)X m - n S 2 (m,n). 

71=0 

Therefore, by (12.181) . we obtain the following theorem. 
Theorem 2.5. For m >0, we have 

771 

H£\x\u) = Y h { Y(x\u)\ m ~ n S 2 (m,n). 

71=0 


(2.17) 


(2.18) 


By replace t by log(l + At) * in (12.171) . we have 
1 — u 

- I (1 + At)* = 

71=0 


(1 + At)* - 


) r oo , 

(1 + At)* = Y H n\ X \ U )~^ OgO + At)) r 

fr), n! X n 


fit' 

= YH£\x\u)X~ n Y S 1 (m,n)X m - (2.19) 


71=0 

OO / 771 


= E 

771=0 \71=0 / 

Therefore, by (12.131) and (12.181) . we obtain the following theorem. 
Theorem 2.6. For m >0, we have 


h n?\(. x \ u ) = E H n\ x l u )A m n Si(m,n). 


71=0 


We observe that 
1 — u 


(1 + At)* — u 
1 — u 

(1 + At)* — u 


(1 + A t)-*- — u 


1 — u 


(1 + At)* — u 


(1 + A ty- 


~ fn 

(1 + At)* (1 - U ) = Y h n. A 1 E’WO “ U )~ ■ 


( 2 . 20 ) 


71=0 


Therefore, by (12.131) . we obtain the following theorem. 
























6 


TAEKYUN KIM, HYUCK-IN KWON, AND JONG-JIN SEO 


Theorem 2.7. For n > 0, we have 

7 ^ { h n?\( x + %) - uh n!x( x \ u )} = 

Remark. Let u = — 1. Then, by (EH), we get 


1 2t 

t (1 + A t)i + 1 


(1 + A t)* 


OO 


E 

n=0 


t n 

h n ,\{x\ - 1)—7. 

n\ 


Thus, by (12.211) . we get 


It 

(1 + At) a 1 


(1 + Ai)* 


^ 4-71 

tJ2 h n,\( X I - !) — • 

n! 

n—0 


( 2 . 21 ) 


Now, we define the degenerate Genocchi polynomials which are given by the gen¬ 
erating function to be 


2 1 

(1 + At) a + 1 


(1 +At)* 


_ j.n 

= E^, A (*) 77 
n—0 


From (12.211) and (12.2211 . we have 


( 2 . 22 ) 


9o,\{x) = 0 and h ni \(x\ - 1) = — —g n+1 \(x), (n > 0). 

n+ 1 
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